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1. INTRODUCTION 


Generally, in any human field, a Smarandache Structure on a set A means 
a weak structure W on A such that there exists a proper subset B of A 
which is embedded with a strong structure S. In [6], W. B. Vasantha Kan- 
dasamy studied the concept of Smarandache groupoids, subgroupoids, ideal of 
groupoids, semi-normal subgroupoids, Smarandache Bol groupoids and strong 
Bol groupoids and obtained many interesting results about them. Smaran- 
dache semigroups are very important for the study of congruences, and it was 
studied by R. Padilla [5). 

In this paper, we introduce the notion of a Smarandache hyper (/N, €)-ideal 
and ()-reflexive in hyper K-algebra, and investigate its properties. 


2. PRELIMINARIES 


We include some elementary aspects of hyper K-algebras that are necessary 
for this paper, and for more details we refer to [1] and [7]. Let H be a non- 
empty set endowed with a hyper operation “o”, that is, o is a function from 
H x H to P*(H) = P(#) \ {0}. For two subsets A and B of H, denote by 
AoBtheset UU aob. 


ac A,beB 
By a hyper BC'K-algebra we mean a non-empty set H endowed with a 
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hyperoperation “o” and a constant 0 satisfying the following axioms: 
(HK1) (xo z)o(yoz)<aroy, 
(HK2) (voy)o2=(roz)oy, 
(HK3) oH « {zr}, 
(HK4) «<yandy<z imply rx=y, 
for all x,y,z € H, where x < y is defined by 0 € roy and for every A, B C H, 
A < B is defined by Va € A, 4b € B such that a < b. 
By a hyper I-algebra we mean a non-empty set H endowed with a hyper 
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operation “o” and a constant 0 satisfying the following axioms: 
(H1) (woz)o(yoz)<aroy, 
(H2) (roy)oz= (roz)oy, 
(HS) ry 
(H4) Ge <oyand y<cg imply gy 
for all x,y,z € H, where x < y is defined by 0 € xoy and for every A, B C H, 
A < B is defined by da € A and 4b € B such that a < b. If a hyper J-algebra 
(H, 0,0) satisfies an additional condition: 
(H5) 0 <a for alla € H, 
then (H, 0,0) is called a hyper K-algebra (see [1}). 
Note that every hyper BC’ K-algebra is a hyper K-algebra. 
In a hyper J-algebra H, the following hold (see [1, Proposition 3.4]): 
(al) (Ao B)oC=(AcC)oB, 
(a2) AOB<CSAoC<B, 
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(a3) A C B implies A < B 
for all nonempty subsets A, B and C of H. 
In a hyper K-algebra H, the following hold (see [1, Proposition 3.6]): 
(a4) x € 200 foralla € H. 


Definition 2.1. [3, Definition 3.4] A Smarandache hyper K -algebra is defined 
to be a hyper K-algebra (H, 0,0) in which there exists a proper subset 2 of H 
such that (Q, 0,0) is a non-trivial hyper BC K-algebra. 


Example 2.2. [3, Example 3.5] Let H = {0,a, b,c} and define an hyper op- 


6699 


eration “o” on H by the following Cayley table: 


0 a b Cc 
{0} — {O} {0} {O} 
{a} {O} {0} {O} 
{b} {a} {0,a} 40, a} 
{c} {a,b,c} {a,b,c} {0,b,c} 


fo) 
0 
a 
b 
G 


Then (H,0,0) is a Smarandache hyper K-algebra because (QQ = {0, a, b}, 0,0) 
is a hyper BC'K-algebra. 


Example 2.3. [3, Example 3.6] Let H = {0,a,b} and define an hyper opera- 


~)) 


tion “o” on H by the following Cayley table: 

0 a b 
{O} {0} {O} 
{a,b} {0,a,b} {0, a} 
{db} {a,b} {0, a, B} 


fo) 
0 
a 
b 


Then (H,0,0) is not a Smarandache hyper K-algebra since (Q; = {0, a}, 0, 0) 
and (Q2 = {0,b},0,0) are not hyper BC K-algebras. 


Definition 2.4. [3, Definition 3.9] A nonempty subset J of H is called a 
Smarandache hyper (<, €)-ideal of H related to 2 (or briefly, Q-Smarandache 
hyper (<, €)-ideal of H) if it satisfies: 

(cl) OE T, 

(c2) (Va €Q) (Wy Eel) (roy<I > crel). 

If J is a Smarandache hyper (<, €)-ideal of H related to every hyper BC K- 


algebra contained in H, we simply say that I is a Smarandache hyper (<, €)- 
ideal of H. 


Definition 2.5. [3, Definition 3.14] A nonempty subset I of H is called a 
Smarandache hyper (C, €)-ideal of H related to Q (or briefly, Q-Smarandache 
hyper (C, €)-ideal of H) if it satisfies: 

(cl) OE T, 

(cw) (Vt EQ) WyE LD (royCl sxrel). 
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If J is a Smarandache hyper (C, €)-ideal of H related to every hyper BC K- 
algebra contained in H, we simply say that I is a Smarandache hyper (C, €)- 
ideal of H. 


In what follows, let H and 2 denote a Smarandache hyper K-algebra and a 
non-trivial hyper BC’K-algebra which is properly contained in H, respectively. 


3. MAIN RESULTS 


Definition 3.1. A non-empty subset I of H is called a Smarandache hyper 
(AN, €)-ideal of H related to Q (briefly, Q-Smarandache hyper (/N, €)-ideal of 
HZ) if it satisfies: 

(cl) OE T, 

(ss) (Vz,yEQ\((roy)NIAVD yells rel). 

Example 3.2. Let H = {0,a,b,c} and define the hyperoperation “o” on H 
by the following Cayley table: 


o} 0 a b Cc 


0) {0} {OF {OF  {0,c 
a}{a} {O} {a} {ay 
b} {by {b} {0,0} — {b} 
c} {et} {ce} {ef} {0} 


Then (H,0,0) is a Smarandache hyper K-algebra because (H, 0,0) is a hyper 
K-algebra and (Q = {0, a,b}, 0,0) is a hyper BC K-algebra. Moreover, {0, a} 
and {0, b} are an Q-Smarandache hyper (/N, €)-ideal of H. 

Theorem 3.3. Let I be an Q-Smarandache hyper (N, €)-ideal of H. Then 

(i) I is an Q-Smarandache hyper (C, €)-ideal of H, 

(ii) IZ is an Q-Smarandache hyper (<, €)-ideal of H. 
Proof. (i) Let x € Q and y € I be such that roy CI. Then (roy)NI 4 O 
and so x € I. Therefore J is an Q-Smarandache hyper (C, €)-ideal of H. 

(ii) Let 2 € Q and y € J be such that roy < J. Then for each a € roy 
there exists b € I such that a < b, i. e., 0 € aob. It follows that (aob)NI 40 
so from (ss) that a € I. Thus coy C I and so (xoy)NI # OG, and we get 
x € I. Hence J is an Q-Smarandache hyper (<, €)-ideal of H. O 


The following example show that the converse of Theorem 3.3 is not true in 
general. 


Example 3.4. Let H = {0,a,b,c} and define the hyperoperation “o” on H 
by the following Cayley table: 


o} 0 a b Cc 


0) {OF {O,a¢ {OF {OF 
a}{a} {0} {a} {a} 
b} {dy {bf {0b} {0, BF 
c} {ce} {ob} {b,c} {0, b,c} 
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Then (H,0,0) is a Smarandache hyper K-algebra because (H, 0,0) is a hyper 
K-algebra and (Q = {0,a,b},0,0) is a hyper BC’K-algebra. Note that J = 
{0, b} is an Q-Smarandache hyper (<, €)-ideal of H and an Q-Smarandache 
hyper (C, €)-ideal of H. But it is not an Q-Smarandache hyper (/N, €)-ideal of 
H since (cob) NI = {b} AO and be T, but c ¢ I. 


Definition 3.5. An Q-Smarandache hyper (<, €)-ideal J of H is said to be 
Q-reflexive if (Vx € Q)(xoa CI). 


Example 3.6. Let H be an Q-Smarandache hyper K-algebra in Example 3.2, 
where 2 = {0,a,b}.Then J = {0,6} is an Q-Smarandache hyper (<, €)-ideal 
of H. Moreover, noticing that xox C I for all x € Q, we know that I is 
Q-reflexive. But {0,a} is a not (-reflexive since bob Z {0, a}. 


Lemma 3.7. Let A,B,C and I be subsets of H. Then we have the following 
property: 
(i) FACB<C, thn A<C, 
(ii) [fAox <I for allx €Q, thenaozr <I for allacA, 
(iii) If I is an Q-Smarandache hyper (<, €)-ideal of H and if Aca <I for 
allaxéel, thn A<TI. 


Proof. (i) Straightforward. 

(ii) Let « € Q be such that Aor <I. Note that aox C Aox <I for all 
a € A. It follows from (i) that aoz <I for alla € A. 

(iii) Assume that J is an Q-Smarandache hyper (<, €)-ideal of H and let 
x € I be such that Aox < J. For anya é€ A, we haveaor CAor<I 
and soaox <I. It follows (c2) that a € J which proves that A C J, we have 
A<I. O 


Theorem 3.8. Let I be an Q-Smarandache hyper (<, €)-ideal of H and Q- 
reflexive. Then 


(Va,yeEeQV((soy NLA => voy<T): 
Proof. Let x,y € Q be such that (coy) NI 4 M. Then there exists a € (xoy)NT, 


and so 

(coy)oa€ (roy)o(roy)<rorCl, 
whence (roy)oa <I by Lemma 3.7 (i). It follows from Lemma 3.7 (iii) that 
mou << f, O 


Theorem 3.9. Let I be an an Q-Smarandache hyper (<, €)-ideal of H. If I 
is Q-reflexive, then I is an Q-Smarandache hyper (N, €)-ideal of H. 


Proof. Let x,y € Q be such that (roy)N IAM andy € I. Thenxoy <I by 
Theorem 3.8. It follows from (c2) that « € I. Hence J is an Q-Smarandache 
hyper (N, €)-ideal of H. O 


1166 Kyung Ho Kim et al 


REFERENCES 


1] R. A. Borzoei, A. Hasankhani, M. M. Zahedi and Y. B. Jun, On hyper K-algebras, 
Math. Japonica 52(1) (2000), 113-121. 

2| Y. B. Jun, Smarandache BC I-algebras, Scientiae Mathematicae Japonicae Online, e- 
2005, 271-276. 

3] Y. B. Jun and E. H. Roh, Smarandache hyper algebras, Scientiae Mathematicae Japon- 
icae Online, e-2005, 305-310. 

4| J. Meng and Y. B. Jun, BC K-algebras, Kyungmoonsa Co. Seoul, Korea (1994). 

5] R. Padilla, Smarandache algebraic structures, Bull. Pure Appl. Sci., Delhi, 17E (1998), 
no. 1, 119-121; http://www.gallup.unm.edu/ smarandache/alg-s-tx.txt. 

6] W. B. Vasantha Kandasamy, Smarandache groupoids, http://www.gallup.unm. 
edu/ smarandache/Groupoids.pdf. 

7| M. M. Zahedi, R. A. Borzoei, Y. B. Jun and A. Hasankhani, Some results on hyper 
K-algebras, Scientiae Mathematicae 3(1) (2000), 53-59. 


Received: October 29, 2005 


